Guided waves and the transient response of multilayered superconducting tapes have been studied in this article. These tapes are usually composed of layers of a superconducting material ͑like YBa 2 Cu 3 O 7Ϫ␦ , or YBCO, for simplicity͒ alternating between layers of a metallic material ͑like nickel or silver͒. The tapes are thin, the thickness being in the range of 100-200 m. The superconducting layer is orthotropic with a thickness of 5-10 m. In applications, the tapes are long and have a finite width. In this article, we focus our attention on the dispersion of two-dimensional guided waves and the transient response of homogeneous and three-layered tapes assuming that the thickness of the superconducting layer is much smaller than the metal layer. Three tape geometries are considered: a homogeneous nickel layer, a three-layered YBCO/nickel/YBCO and a three-layered nickel/YBCO/nickel. It is found that although the total thickness of the YBCO layer is very small, the dispersion and transient response in the last two cases are quite different from each other and from the homogeneous nickel plate. These differences can be used for the ultrasonic characterization of the in-plane material properties of the superconducting layers.
I. INTRODUCTION
The ultrasonic nondestructive evaluation ͑NDE͒ technique has found wide use for quantitative characterization of mechanical properties and for detection of cracks and delaminations in laminates. In using this method, however, one needs to have a clear understanding of wave propagation in anisotropic and layered plates. For complex wave interaction phenomenon occurring in the damaged layered system, a general analytical solution is extremely difficult, if not impossible, to obtain. This necessitates the use of numerical methods, such as the finite-element method ͑FEM͒ or the boundary-element method ͑BEM͒. It is noted, however, that the latter is more suited than the former to cases where better accuracy is required due to problems such as stress concentration or where the domain of interest extends to infinity.
In applying the BEM formulation to the layered plate, one needs to find the Green's functions in such a system. The two-dimensional ͑2D͒ elastodynamic Green's functions due to line sources in a layered system were studied previously by Kundu and Mal, 1 Mal, 2 and Ju 3 employing the propagator matrix method. A thin-layer method was also proposed for the solution of the Green's functions in two dimensions. 4, 5 More recently, Zhu, Shah, and Datta 6, 7 and Zhu and Shah 8 derived these Green's functions using a stiffness method combined with either a wave-function expansion or a modal summation technique. Similarly, Liu and Achenbach 9 obtained the Green's function using a strip-element method.
This article presents an alternative and accurate method to calculate the 2D elastodynamic Green's functions in anisotropic and layered plates. It is an extension of the modal summation technique used by Zhu, Shah, and Datta 6 and Liu and Achenbach. 9 As in the modal summation technique, we first divide the layered system into a certain number of thin layers and use the stiffness method 10 to find approximately the wave numbers ͑including not only the propagating modes, but also the nonpropagating and evanescent modes͒. Then, we use the exact dispersion equation, 11 which is obtained with a direct propagator matrix method, 12 to find the wave numbers accurately. Finally, the direct propagator matrix method and the modal summation technique ͑Cauchy's residue theorem͒ are used to derive the frequency-domain Green's functions. The time-domain Green's functions are obtained by the inverse Fourier transformation combined with an exponential window method. 9, 13, 14 This general technique for analyzing the Green's functions in anisotropic and layered plates is then applied to the study of guided waves and the transient response of layered superconducting tapes. These tapes are usually composed of layers of a superconducting material alternating between layers of a metallic material. The superconducting layers are orthotropic and in many cases are very thin with respect to the total thickness of the tapes. The most notable feature associated with the superconducting tapes is that the in-plane material properties of the superconducting layers are hard to measure. Three tape geometries are considered: a homogeneous nickel layer, a three-layered YBCO/nickel/YBCO and a three-layered nickel/YBCO/nickel. The total thickness of the YBCO layer is taken to be much smaller than that of the nickel layer. Our numerical studies show that even for this very thin superconducting layer, the dispersion and transient response in the last two cases are quite different from each other and from the homogeneous nickel layer. This is encouraging for ultrasonic characterization of in-plane material properties of thin superconducting inner or outer layers.
II. A GENERAL SOLUTION OF THE TRANSFORMED GREEN'S FUNCTIONS
In this section, an outline is given for calculating the Green's functions for a multilayered plate. Figure 1 shows a multilayered superconducting plate made up of N parallel, homogeneous, and orthotropic layers. The layers are numbered serially with the layer at the top being layer 1 and the bottom being layer N. We place the Cartesian coordinates at the top free surface, and the z axis is drawn down into the medium. The jth layer is bounded by the interfaces z ϭz jϪ1 , z j . Evidently, we have z 0 ϭ0 and z N ϭH, where H is the total thickness of the layered plate. It is assumed that the symmetry axes of the layers are aligned parallel.
Consider a plane strain problem in the ͑x,z͒ plane. The equation of motion in each layer can then be described by
with the constitutive relation given by
In Eqs. ͑1͒ and ͑2͒, the density , the body forces f x and f z , and the elastic constants c i j are those belonging to the layer. They may differ from one layer to another.
In order to solve the governing equations in terms of the displacement, we first apply the Fourier transform with respect to time t
to Eqs. ͑1͒ and ͑2͒. This results in the following differential equations for the frequency-domain displacements: 
to Eq. ͑4͒, we then arrive at two ordinary differential equations for the double Fourier transformed displacements 
III. GREEN'S FUNCTIONS IN THE FREQUENCY DOMAIN
In terms of the double Fourier transformed displacement solution ͑7͒, the transformed stresses can also be obtained. Furthermore, these solutions for each layer ͑say layer j͒ can be expressed in terms of a propagating relation as
Here, the solution ͓Q͔ at the top interface z jϪ1 of layer j is related to that at the bottom interface z j by the propagator matrix ͓ P j ͔ of the layer. While the elements of the propagator matrix are given in the appendix, the solution column matrix is defined as
with T zz and T xz being the Suppose now that there is a line force with time history f (t) located on the z axis at the depth zϭh which belongs to layer s ͑Fig. 1͒, i.e.,
where n m are the components of the unit force vector in the coordinate axes. The double Fourier transform of this line force is
with F() being the frequency-domain behavior of f (t). It is easy to show that the traction discontinuity caused by the line force is
For handling the propagation of the matrix ͓ P j ͔, we artificially divide the source layer s into two sublayers s1 and s2 ͑Fig. 1͒. Using then the propagating relation ͑10͒ and the discontinuity condition ͑15͒, we found that
Now, substituting the free-traction boundary conditions at the top (z 0 ) and bottom (z N ) surfaces into Eq. ͑16͒, we can solve the Green's displacement in the double Fourier transformed domain at either the top or bottom surface. For example, for a line force in the x direction, the Green's displacement at the top surface is derived as 
ͬ. ͑18͒
Similarly, for a line force in the z direction, it is 
ͬ. ͑19͒
In Eqs. ͑18͒ and ͑19͒
Having obtained the surface displacements, the propagating relation ͑10͒ can then be used again to find the solution at any vertical level. For example, for z jϪ1 рzрz j , we have
It is well known that overflow may occur in the highfrequency region due to the multiplication of the propagator matrix ͓ P j ͔. This problem is avoided by the direct propagator matrix method proposed by Pan. 12 In order to get the frequency-domain solutions, we need to carry out the inverse transform of Eq. ͑5͒. Here, we use Cauchy's residue theorem to evaluate these integrals, which converts the integral into a residue summation in the suitable domain. For example, for the displacement component in the x direction and for xу0, this integral can be expressed as
The poles in Eq. ͑22͒ are actually the roots of the dispersion equation a 31 a 42 Ϫa 41 a 32 ϭ0. ͑23͒
These roots can be found accurately by the method described in Zhu, Shah, and Datta 6 and Pan et al. 11 Since all the poles are of first order, the residue summation can be carried out exactly by finding the exact derivative of the left-hand side of Eq. ͑23͒ with respect to the wave-number k. For a given frequency, there are only a finite number of propagating modes; all other modes are nonpropagating and decay exponentially to zero in the selected half plane of k, when ͉k͉ approaches infinity. Therefore, the finite number M in Eq. ͑22͒ will be enough to give an accurate result, with a suitable range being 40рM р60.
In the actual calculation, we first use the stiffness-based Rayleigh-Ritz technique to find the approximate values of the complex wave numbers. Then, the Muller's method is employed to the exact dispersion Eq. ͑23͒ to calculate the exact poles. Once these poles are found, Eq. ͑22͒ or the like is used to find the Green's functions in the frequency domain. It should be emphasized here that for a given frequency, we need to find the poles only once. With these poles, the frequency-domain Green's functions for any pair of source and field points can be evaluated accurately using the direct propagator matrix method, which is therefore very efficient.
IV. GREEN'S FUNCTIONS IN THE TIME DOMAIN
To obtain the time-domain response, the inverse transform of Eq. ͑3͒ needs to be carried out. For example, the time-domain displacements u x (t) and u z (t) can be expressed as
Again, F() is the Fourier transform of the time dependence of the line force f (t). The integration involved in Eq. ͑24͒ is usually carried out numerically. For an infinite plate, however, difficulties with the integration may occur due to the singularity of the frequency-domain solution at ϭ0 and at the cutoff frequencies (kϭ0). To overcome these difficul- ties, a small imaginary part of the frequency can be introduced into the integrand of Eq. ͑24͒. 9,13,14 By doing so, Eq. ͑24͒ can be written equivalently as
where
in which t d is the duration of the line force and is the shifting constant. For the numerical examples presented in the next section, the normalized is chosen to be 0.1, as in Liu and Achenbach. 
V. NUMERICAL EXAMPLES
We now apply this formulation to three cases: a homogeneous plate made of nickel ͑named case I, see Table I͒ , a three-layered superconducting plate made of YBCO, nickel, and YBCO ͑named case II, i.e., YBCO/Ni/YBCO, see Table  II͒ , and a three-layered superconducting plate made of nickel, YBCO, and nickel ͑named case III, i.e., Ni/YBCO/ Ni, see Table III͒ . YBCO is orthotropic with elastic properties being taken from Lei et al., 15 and is such that the x and z axes are along the maximum and minimum of its elastic constants c i j .
As we mentioned earlier, Eq. ͑23͒ is actually the dispersion relation for the layered plate. Therefore, as a by-product, Eq. ͑23͒ can be used to find the dispersion behavior of the layered plate. For instance, Figs. 2͑a͒ and 2͑b͒ show the comparison of the dispersion curves for cases I and II and for cases I and III. In Figs. 2͑a͒ and 2͑b͒ , the normalized wave number is kЈϭkH I , where H I is the thickness of nickel, and the normalized frequency is ЈϭH I /c s , where c s is the shear velocity in nickel. It is observed clearly that even for a very thin YBCO layer either on both sides of the nickel layer ͑case II, YBCO/Ni/YBCO͒, or in the middle of it ͑case III, Ni/YBCO/Ni͒, the dispersion behaviors of the homogeneous nickel plate and the superconducting tapes are significantly different. In particular, the cutoff frequencies for both superconducting tapes ͑cases II and III͒ are quite different from those of the nickel, as listed in Table IV . Addition of the superconducting YBCO layer is, in general, to lower the cutoff frequency. It is also noteworthy that for the nickel plate, the cutoff frequencies calculated by our numerical method are very close to the exact values, which are either n or nc l /c s (nϭ1,2,3,...), with c l being the longitudinal velocity in the nickel plate ͑Table IV͒.
When comparing the cutoff frequencies of cases II and III ͑Table IV͒, we note that for the same mode, the cutoff frequency of case III ͑Ni/YBCO/Ni͒ is either lower than or [16] [17] [18] It should be emphasized that in both cases II and III, the total thickness of the YBCO layer is the same. But the dispersions in these two cases are quite different. It is not apparent that this can be explained by some simple scaling of the thickness.
With the calculated wave numbers for given frequencies, the response of a layered plate to a line force in the frequency domain can be evaluated accurately. For example, Fig. 4 shows the amplitude variation of the frequencydomain Green's displacements u x and u z along the top free surface of a homogeneous plate caused by a vertical timeharmonic line load with unit amplitude applied at the origin ͑0, 0͒. The plate has a thickness of H and a Poisson's ratio of 1/3. The normalized frequency for this example is fixed at H/c s ϭ3.14. Liu and Achenbach 9 used the strip-element method to calculate the amplitude of u z . It is noted that the result for u z is very close to that in Liu and Achenbach. Now, the method is used to calculate the Green's functions over a certain frequency range for a given observation point. As an example, Figs. 5͑a͒ and 5͑b͒ are the calculated spectra of u x caused by a line force in the x direction, and that of u z caused by a line force in the z direction. The loading is at the origin ͑0,0͒ and the response is calculated at the top surface of the layered plate at a horizontal distance of 10H I , where H I is again the total thickness of the nickel layer. As can be observed, the spectra for the three cases considered are quite different. The sharp peak amplitudes corresponding to the cutoff frequencies are found to be shifted and correspond to those listed in Table IV . The frequency spectra can be used to characterize the properties.
In order to calculate the time-domain Green's functions, a time history of the line force has been assumed. Here, a Gaussian-type behavior is chosen with the expression of
where is a parameter controlling the width of the pulse, t 0 determines the time delay of the pulse, and c is the center angular frequency of the pulse. As an example, we chose ϭ0.8, t 0 ϭ3.0H I /c s , and c ϭ3. dependence of the line force that the amplitude approaches zero after a frequency greater than 40 MHz. Therefore, the high frequencies are filtered out. While Figs. 7͑a͒-7͑c͒ show the comparison of the timedomain Green's functions in the nickel and three-layered YBCO/Ni/YBCO plates, Figs. 8͑a͒-8͑c͒ show the comparison of the time-domain Green's functions in the nickel and three-layered Ni/YBCO/Ni plates. Again, the geometry and material properties are given in Tables I-III. As in Fig. 5 , the observation point is at (10H I ,0) and the source point is at the origin ͑0,0͒. While Figs. 7͑a͒ and 8͑a͒ and 7͑b͒ and 8͑b͒ show the Green's displacements u x (t) and u z (t) caused by the x-direction force, Figs. 7͑c͒ and 8͑c͒ show the Green's displacement u z (t) caused by the z-direction force. The Green's displacement u x (t) due to the z-direction force is exactly opposite to the Green's displacement u z (t) due to the x-direction force, a consequence of the Betti's reciprocal theorem. As can be observed clearly, the time-domain responses of the nickel, YBCO/Ni/YBCO, and Ni/YBCO/Ni plates are significantly different. It is noted that the high (10H l ,0) , the source point is at the origin ͑0,0͒: u x (t) in ͑a͒ due to a line force in the x direction, u z (t) in ͑b͒ due to a line force in x direction, and u z (t) in ͑c͒ due to a line force in z direction.
close to 0.929c s , 0.947c s , and 0.926c s calculated from the slopes of the first two branches of the dispersion curves shown in Figs. 2͑a͒ and 2͑b͒ as k→ϱ. It is noted that for the homogeneous nickel case, the Rayleigh velocity obtained from our calculation is close to the approximate value of 0.927c s derived from the relation between the Rayleigh wave velocity and the Poisson's ratio.
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VI. CONCLUSION
We presented an analytical method for calculating the elastodynamic Green's functions in two-dimensional ͑plane strain͒ layered anisotropic plates. We first expressed the frequency-domain solution by the residue theorem with poles being evaluated by the Muller's method. Initial estimates of these poles are found using a stiffness-based Rayleigh-Ritz technique and are refined using the exact dispersion relation derived by the direct propagator matrix method. The timedomain solution was obtained by the inverse Fourier transform technique combined with the exponential window method. The formulation is then applied to the study of dispersion of the guided waves and transient response of the layered tapes: a homogeneous plate made of nickel, a threelayered superconducting tape made of YBCO/Ni/YBCO, and a three-layered superconducting tape made of Ni/YBCO/Ni. In the last two cases, attention has been focused on the small thickness of the YBCO layer. It is found that the dispersion behaviors and the time-domain responses are significantly different in the three-layered cases, even though the superconducting layer YBCO is very thin as compared to the total thickness of the tape. These differences in their responses could be used for the ultrasonic characterization of the inplane material properties of the superconducting layers. Al- FIG. 8 . Time-domain Green's displacements for a homogenous nickel plate and a three-layered Ni/YBCO/Ni plate. While the field point is at (10H l ,0), the source point is at the origin ͑0,0͒: u x (t) in ͑a͒ due to a line force in the x direction, u z (t) in ͑b͒ due to a line force in x direction, and u z (t) in ͑c͒ due to a line force in z direction.
though the study was limited to the plane strain case, it is possible to extend the technique to study the threedimensional response due to a point load. For that general case, it would be necessary to obtain the frequency-wavenumber relation for waves propagating at an arbitrary angle to the x axis. Zhu 20 reported the result of some limited investigation for low frequencies. Investigation of the highfrequency response is under way and will be reported in the future.
